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Abstract 

The harmonic cohomology of a Donaldson symplectic submanifold and of an Auroux 
symplectic submanifold are compared with that of its ambient space. We also study sym- 
plectic manifolds satisfying a weakly Lefschetz property that is, the s-Lefschetz propery. In 
particular, we consider the symplectic blow-ups CP™ of the complex projective space CP™ 
along weakly Lefschetz symplectic submanifolds M C CP™. As an application we construct, 
for each even integer s > 2, compact symplectic manifolds which are s-Lefschetz but not 
(s -I- 1)-Lefschetz. 

1 Introduction 

One of the main results of Hodge theory states that any de Rham cohomology class on a com- 
pact oriented Riemannian manifold has an unique harmonic representative. In the symplectic 
setting a notion of harmonicity can be introduced as follows [3]. Let (M, w) be 2n-dimensional 
symplectic manifold. A closed form a on M is called symplectically harmonic if 6a = 0, where 
5 denotes the Koszul differential [16]. However, a symplectic version of the above result does 
not hold in general. In fact, Mathieu [20] proved that any de Rham cohomology class has a 
(not necessarily unique) symplectically harmonic representative if and only if (M,uj) satisfies 
the hard Lefschetz property, i.e. the map 

(1) L"-'^: H''{M) H'^''-''{M) 

given by L^'^la] = [a A uj^~^] is onto for all fc < n — 1. 

In this paper we deal with symplectic manifolds satisfying a weaker property: following [9], 
we shall say that (M, w) is an s-Lefschetz symplectic manifold, < s < n — 1, if (1) is an 
epimorphism for all k < s. As an obvious fact, whenever (M, u) is not hard Lefschetz, there is 
some s > such that (M, co) is s-Lefschetz but not (s -|- 1)-Lefschetz. So, it seems interesting 
to understand the way this phenomenon occurs on non-hard Lefschetz symplectic manifolds, in 
particular if there is some restriction for the possible values of the level s at which the Lefschetz 
property can be lost, how this affects to other symplectic invariants of the manifold, such as 
the above mentioned harmonicity, or if the s-Lefschetz property is preserved under the usual 
constructions of new symplectic manifolds from old ones, for instance the symplectic blowing 
up [21], the Donaldson symplectic submanifolds [5] and the Auroux symplectic submanifolds [1]. 
Our purpose in this paper is to explore these questions, as we explain next. 

Regarding symplectic harmonicity, in Section 2 we recall some results on the harmonic coho- 
mology of (M, uj) and show how the s-Lefschetz property is related to the existence problem of 
symplectically harmonic representatives of de Rham classes of M. Let us denote by H^^{M,uj) 
the space of harmonic cohomology in degree k, that is, the subspace of the de Rham cohomology 
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group H^{M) consisting of all classes which contain at least one symplectically harmonic /c-form. 
In Proposition 2.6 we prove that a 2n-dimensional symplectic manifold (M, w) is s-Lefschetz if 
and only if Hl'^-^iM^uj) = H'^'^-^{M) for every k < s; moreover, the latter condition implies 
that iJ^j.(M, w) = H^{M) for every k < s -\-2. In the proof of this proposition, which can be 
seen as a refinement of the result of Mathicu, wc follow the approach by Yan [26] which uses 
the theory of infinite dimensional sl(2, C)-representations. 

Section 3 is devoted to the study of harmonic cohomology of Donaldson and Auroux sym- 
plectic submanifolds. Given a compact symplectic manifold (M , to) of dimension 2n such that 
\uj\ e H^{M) admits a lift to an integral cohomology class, Donaldson proves in [5] the existence 
of a symplectic submanifold {Z,ujz) of codimension 2 in M which realizes the Poincare dual 
of k [uj] for any sufficiently large integer k, and such that the inclusion j: Z '-^ M is {n — 1)- 
connected. We show the following relation between the harmonic cohomologies H^j.{Z,loz) and 
H^{M,u;). 

Theorem 1.1 The inclusion j: Z ■-^ M induces an isomorphism j*: i7^j.(M, w) — > Hl^j.{Z,u>z) 
for any i < n — 1, and a monomorphism for i = n — 1. Moreover, Hl^^{Z,uz) and H^'^{M,uj) 
are isomorphic for every n < i < 2(n — 1). 

Roughly speaking, this result says that a Donaldson symplectic submanifold inherits es- 
sentially the same harmonic cohomology as that of its ambient space, with the only possible 
exception of having less symplectically harmonic forms in the middle degree n — 1 . Auroux has 
generalized in [1] Donaldson's construction. We show that a result like Theorem 1.1 does not 
hold in general for the Auroux submanifolds. Moreover, the harmonic cohomology of Auroux 
symplectic submanifolds has a very different behaviour with respect to its ambient space, and 
surprisingly there exist submanifolds having strictly more harmonic cohomology classes than 
their ambient spaces. More concretely, in Example 3.3 we construct an Auroux submanifold 
{Z, u>z) of codimension 2 in a 10-dimensional compact symplectic manifold (M, a;) such that the 
inclusion j: Z M induces an isomorphism between the de Rham cohomology groups H^(Z) 
and H^{M), but dim HI^{Z,ujz) > dim Hl^{M , oj) . 

Given a compact symplectic manifold (M, tu) of dimension 2n, we can assume, without loss 
of generality, that the symplectic form lu is integral (by perturbing and rescaling). A theorem 
of Gromov and Tischler [11, 12, 24] states that there is a symplectic embedding i: (M, w) — > 
(CP™", Wo), with m > 2n + 1, where ojq is the standard Kahler form on CP™" defined by its 
natural complex structure and the Fubini-Study metric. We consider the symplectic blow-up 
(jpm q£ (jpm along the embedding i (see [21]). Then, CP™ is a simply connected compact 
symplectic manifold. In Section 4 we study the s-Lefschetz property of CP"*, m > 2n + 1. 
More concretely we have the following result. 

Theorem 1.2 // {M,lo) is an s-Lefschetz compact symplectic manifold of dimension 2n, then 
the symplectic blow-up CP^ {m,>2n + l) is {s + 2) -Lefschetz. Moreover, if M is parallelizable 
and not s-Lefschetz then CP^ is not {s + 2)-Lefschetz. 

This will be proved in Theorem 4.2 and Proposition 4.4. Recently Cavalcanti [4] has in- 
vestigated the hard Lefschetz property of symplectic blow-ups of non-hard Lefschetz symplectic 
manifolds along hard Lefschetz symplectic submanifolds; in particular, he obtains that the sym- 
plectic blow-up of a hard Lefschetz symplectic manifold along a hard Lefschetz submanifold is 
always hard Lefschetz. Such a result can be also proved with the arguments of Theorem 1.2 as 
we notice in Remark 3.3. 
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In [9] examples of compact symplectic manifolds which are s-Lefschetz but not (s + 1)- 
Lefschetz are constructed for each s < 2. As an application of Theorem 1.2 and of the results of 
Section 2 on the harmonic cohomology of iterated Donaldson submanifolds of symplectic blow- 
ups, we prove in Section 5 that for each even integer number s > 2, there is a simply connected 
compact symplectic manifold of dimension 2(,s + 2) which is s-Lefschctz but not (s + l)-Lcfschctz. 
Notice that 2(s + 2) is the lowest possible dimension where such a manifold can live. With the 
same techniques, we also show a simply-connected symplectic 10-manifold which is 3-Lefschetz 
but not 4-Lefschetz. 

2 Harmonic cohomology of s-Lefschetz symplectic manifolds 

We recall some definitions and results about the symplectic codifferential and symplectically 

harmonic forms. Let (M, cu) be a symplectic manifold, that is, M is a differentiable manifold 
of dimension 2n and uj a closed non-dcgcncratc 2-form on M, the symplectic form. Denote 
by 0*(M), X{M) and J-{M) the algebras of differential forms, vector fields and differentiable 
functions on M, respectively. The isomorphism 

tl : X{M) — > n\M) 

given by t\(X) = txico) for X € X(M), where lx denotes the contraction by X, extends to 
an isomorphism of algebras t| : 0^>qX^(M) — > 0^>Qr2''(M). Then, G = is the 

skew-symmetric bivector field dual to uj. {G is the unique non-degenerate Poisson structure [18] 
associated with u.) The Koszul differential S:9,'^{M) — > 47*^"^ (M) is defined by 

S = [LG,d]. 

In [3] Brylinski proved that the Koszul differential is a symplectic codifferential of the exterior 
differential with respect to the symplectic star operator defined as follows. Denote by A*^(G), 
k > 0, the associated pairing A^(G) : ^}''{M) x ^}''{M) — > T{M) which is (—1) ''-symmetric 
(i.e. symmetric for even k, anti-symmetric for odd k). Let vm be the volume form on M given 
by Vm = Imitating the Hodge star operator for Riemannian manifolds, the symplectic star 
operator 

* : n^{M) J72"-^(M) 

is defined by the condition (3 A (*a) = A'^{G){P,a)vM, for a,/3 G r2'^(M). An easy consequence 
is that *2 = Id, and if a G n''{M) then 

6{a) = (-l)'=+^(*odo*)(a). 

Since a; is a closed form, for any p,k >0 the homomorphism 

given by U'{a) = aAujP for a G ^''{M), satisfies that [LP,d\ = Wod-doLP = 0, and therefore 
it induces a map : H^{M) — > H'^p^^{M) on de Rham cohomology. Relations between the 
operators lq, L, d and 6 are proved by Yan in [26]. Here we shall need the following 

(2) [L,6]=d. 

A fc-form a G f2'^(M) is said to be symplectically harmonic if da = Sa = 0. Let Q,^j.{M,u>) = 
{a G Q*^(M) \da = 5a = 0} be the space of the symplectically harmonic /c-forms. Yan proved 
that for any A; > the map L"-~'' : fl^{M) — > 0^"~'^(M) is an isomorphism. This also induces 
an isomorphism when restricted to the subspaces of harmonic forms, as follows from (2). 
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Lemma 2.1 [26] (Duality on harmonic forms). The map 

is an isomorphism for k >0. 

For the de Rham cohomology classes of M, we consider the vector space 

consisting of the cohomology classes in (M) containing at least one symplectically harmonic 
form. Lemma 2.1 implies that the homomorphism 

is surjective. (Notice that the duality on harmonic forms may not be satisfied at the level of the 
spaces H^^{M,uj).) Since cj) is a subspace of the de Rham cohomology ii"^" ''{M), 

we conclude (see [14, Corollary 1.7]) 

(3) H^-''{M,io) = Im(L"-*^:i?^,(M,w) H'^''-^{M)). 

A nonzero A;-form a, with A; < n, is called effective if L"~'^+^(q;) = 0. A cohomology class 
a e H^{M) is said to be primitive if L"-'=+i(a) = in H'^'^-^+\M). In [17, page 46] the 
following result is proved. 

Lemma 2.2 [17]. If a is an effective k-form, then there is a constant c such that its symplectic 
star operator *a satisfies *a = cL^'^ia). 

Therefore, any closed effective A;-form a on (M, uj) is symplectically harmonic because d*a = 
c dL'^~^{a) = by Lemma 2.2. In particular, every closed 1— form is symplectically harmonic 
since it is effective, so H^^{M,lo) = H^{M). Moreover, we have 

Proposition 2.3 Let (M, w) be a symplectic manifold of dimension 2n. Suppose that there 
exists some integer k < n with H'^^~^~^'^ {M) = 0. Then, for any closed k-form a G ^^{M), 
there is a closed k-form a such that a is cohomologous to a and is symplectically harmonic. In 
particular, H^^{M,uj) = H^{M). 

Proof : Let a = [a] G H^{M). We will find a symplectically harmonic representative of the 
cohomology class a. Since L"-"*^"*"^ (a) is a closed (2n — k + 2)-form and i^^""*^"*"^ (M) is zero, 
there is some /3 G n2"-*^+i(M) such that L"-'=+i(a) = But the map L''-^+'^:^l^-^{M) — > 
j^2n-fc+i('j^^-) jg surjective, so there exists 7 G Q,^~^{M) satisfying (5 = ^""'=+^(7). Hence 
L"-'=+i(a) = dl3 = L"-^+i(d7), i.e., L^-'^+ija - ^7) = 0. 

Consider 5 = a — dj, which is cohomologous to a. Using Lemma 2.2, L"'~^~^^{a.) = implies 
that *a = cL'^~^{a) for some constant c. Thus d*a = cL'"~^{da) = and the fc-form 5 is 
symplectically harmonic. \QED\ 

For the de Rham classes in H^{M), Mathieu proved the following result. 

Lemma 2.4 [20]. Any cohomology class of degree 2 has a symplectically harmonic representa- 
tive. 
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As a consequence of the previous results, if (M, iv) is a simply connected compact symplectic 
manifold then every class in H^{M) has a symplectically harmonic representative for A; < 3. 

Corollary 2.5 Let (M, uj) be a compact simply connected symplectic manifold of dimension 6. 
Then every de Rham cohomology class of degree k ^ A admits a symplectically harmonic repre- 
sentative. 

Recall that a symplectic manifold (M, a;) of dimension 2n is said to be s-Lefschetz with 
< s < n — 1, if the map L"~'^: H^{M) — > H'^^~^{M) is an epimorphism for all k < s. In the 
compact case we actually have that L"^'^' are isomorphisms because of Poincare duality. Note 
that M is (n — 1)-Lefschetz if M satisfies the hard Lefschetz theorem. 

Proposition 2.6 Let (M, u) be a sym,plectic manifold of dimension 2n and let s < n — 1. Then 
the following statements are equivalent: 

(i) (M, w) is s-Lefschetz. 

(ii) H^^{M,uj) = H^{M) for every k<s + 2, and H^-''{M,u;) = ij2n-fc(M) for every k < s. 
(Hi) H^-''{M,u) = i/2'^-^(M) for every k<s. 

Proof : Clearly {ii) implies (Hi). Let us see also that (Hi) implies {i). Let k < s. Prom (3) we 
have that 

H^-'^{M,u;) = Im(L"-^ \„,^^^^^y. HtAM,u;) ^ iJ^(M) H^-\M)). 

If H^~^{M,uj) = H'^^~^{M), then the map (^m ui) onto, and therefore the homomor- 

phism L''-'':H^{M) — > if2"-'^(M) must also be onto. So M is s-Lefschetz. 

We want to show that {i) implies {ii). It is enough to prove that H^j.{M,uj) = H'^{M) for 
every k < s + 2, because in this case, for k < s, wc have Hl'^-''{M,uj) = lrsi{L'^-^: H^{M) — ^ 
H'^^~^{M)) = i7^"~^(M) using the s-Lefschetz property. 

Let us see that HI^^{M,oj) = H^{M) for every k < s + 2, hy induction on s. For s = 0, 
we recall that M is 0-Lefschetz as this is satisfied by every symplectic manifold. Now for any 
symplectic manifold, any class of degree 1 admits an harmonic representative by Lemma 2.2, 
and we also know that any class of degree 2 admits an harmonic representative by Lemma 2.4. 

Now take s > 0, and suppose that if {M,io) is (s- 1)-Lefschetz, it holds H^^{M,u)) = H^{M) 
ioT k < s + l. We have to prove that i7^+^(M,a;) = H^+'^{M) if M is s-Lefschetz. Let a be 
a closed clement of degree s + 2. Consider the map L"~*~-^ : W^'^{M) — > r2^"~*(M). Then 
2^n-s-i^Q,-j -g ^ closed (2n — s)-form. By the s-Lefschetz property there is a closed s-form h 
(which we may suppose to be symplectically harmonic, by induction hypothesis) such that 

L"-^-i(a) =L"-*(/i) + d/3, 

for some /3 G J^^n-s-i^j^^) gy ^he surjectivity of L"-^-^: 0^+i(M) — ^ J^2"-«-i(M) we get 
the existence of some (s + l)-form 7 with (5 = L"'~^~^{'j). Therefore L"'~^~^{a) = L^~^{h) + 
L"~*~^(d7) and hence 

(4) L"-*-i(a-L(/i)-d7) = 0. 

Put a = a — L{h) — ^7. By (4) and Lemma 2.2 we have that *a = cL^~^~'^{a) for some 
constant c. Therefore 5 is symplectically harmonic. On the other hand, since h is symplectically 
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harmonic we see that L{h) is symplectically harmonic using (2). Hence a — ^7 is symplectically 
harmonic and cohomologous to the original a. \QED\ 



Notice that this result implies that every de Rham cohomology class of M admits a sym- 
plectically harmonic representative if and only if (M, oj) is hard Lefschetz, which is Mathieu's 
theorem. Also, if M is a simply connected compact symplectic manifold of dimension 6 then 
(M, Lo) is hard Lefschetz if and only if every cohomology class of degree 4 has a symplectically 
harmonic representative. 

If M is a manifold of finite type, i.e. all the dc Rham cohomology groups H^{M) are finite 
dimensional, then we shall denote by 6),"'(M, a;) the dimension of the space Hj^^{M,uj). As usual, 
the Betti numbers of M wih be denoted by bk{M) = dim if'^(M). 

It is well-known that if (M, lo) is compact and hard Lefschetz, the odd Betti numbers of M 
are even. When (M, lo) is s-Lefschetz we have the following proposition. 

Proposition 2.7 Let (M, lo) be a compact symplectic manifold of dimension 2n. Suppose that 
{M,Lo) is s-Lefschetz with s < n — 1. Then the odd Betti numbers 621-1 (M) are even for 
2i — 1 < s, and b^_2j_^_i{M,Lo) is even for s<2j — l<s + 2. 

Proof : Put k = 2i — 1 < s. Let us consider the non-singular pairing 

p:H^{M)®H'^''-^{M) — > M 

given by 

JM 

for \a\ G H^{M) and [f3] G H'^^~^{M). Let ( , ) be the skew-symmetric bilinear form defined 
on H^{M) by 

([«],[«']) =p([a],L-^[a']), 

for [a], \a'] G H^{M). The rank of ( , ) is an even number (see page 4, [17]). The non-singularity 
of p implies that the rank of ( , ) equals the rank of the map L^~^: H^{M) — > i/^"^^(M), that 
is, rank ( , ) = b2n-k{M) since (M, w) is s-Lefschetz. Hence bk{M) is even by Poincare duality. 

For the final part, take A; = 2_7 — 1 with s < A; < s -|- 2. Now, the previous argument also 
shows that b2'^_j.{M,uj) is even because the s-Lefschctz property implies H^{A4) = H^^{M^uj) 
by Proposition 2.6 and, on other hand, H'^^^{M,uj) = Im(L"'~*^), therefore the rank of ( , ) is 
an even number which equals dimlm (L'^"*^) = 62^_^(M, w). \QED\ 

3 Harmonic cohomology of Donaldson and Auroux symplectic 
submanifolds 

In this section we study the relation between the harmonic cohomology of Donaldson and Auroux 
symplectic submanifolds and that of the ambient space. 

Recall that given a compact symplectic manifold (M, u) of dimension 2n such that \u\ G 
H'^{M) admits a lift to an integral cohomology class, Donaldson proves [5] the existence of a 
symplectic submanifold Z of codimension 2 in M that realizes the Poincare dual of k [oo] for 
any sufficiently large integer k. Moreover, the inclusion j: .Z^ M is (n — 1) connected, that is, 
f: W{M) — > W[Z) is an isomorphism for i < (n — 1), and a monomorphism for i = (n — 1). 
Let us denote by ujz =3*^ the symplectic form on Z. 
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Proof of Theorem 1.1 : We use here the following property given in [25, Lemma 4.3]: If 
(M, (jj) is a symplectic manifold of dimension 2n, then for any 2 < i < n the subspace H'^^{M, u) 
of W{M) is given by 

(5) Hl,iM, uj) = P,(M, uj) + L[,] {Hl-\M, u)) , 

where Pj(M, cv) = {a e H\M) \ i:fj'+^(a) = 0}. 

Similarly, for the Donaldson symplectic submanifold Z we have 

hUZ,uz) = PiiZ,uz) + L[^,] {Hl,\Z,uz)) , 

for any 2 < i < n - 1, where Pj(Z, cj^) = { 6 G H'{Z) \ Lp^^^ (6) = 0}. 

On the other hand, in [9] it is proved that for any i > n, a cohomology class a € H^{M) 
satisfies j*a = if and only if a U [w] = 0. 

Let us prove first that f{Pi{M,uj)) C Pi{Z,LOz) for any 2 < i < n - 1. Given a G Pi{M,u), 
let us consider b = fa £ H^{Z). Since = L[;^y'+\a) = a U and n + 1 < 2n - i 

(because n - 1 > i), the cohomology class L^'^J^'a € i7^""*(M) satisfies j*(Lj^y*a) = 0. But 
f o = L[^^] o /, which implies = f{L'(j^'a) = 0, that is, h € Pi(Z,tJz)- Now 

it is easy to see that j*: Pi{M,Lo) — > Pi{Z,uJz) is an isomorphism for i < [n — 1) and a 
monomorphism for i = (n — 1), because j*: H^{M) — > W{Z) is. 

Now, we prove by induction that j* {H^j.{M , to)) C H^j.{Z,ujz) for any i < (n — 1). This is 
clear for i = 0,1, because H'^^^. = W. Let us fix i with 2 < i < (n — 1), and suppose that the 
inclusion holds in any degree < i. Since j* o L^^j = L^^^^j of, and j* takes the primitive classes 
of degree z on M to primitive classes of degree i on the submanifold Z, the induction hypothesis 
and (5) imply that 

f{Hl^iM,uj)) =/(P,(M,u;)) + L[,^] {fiHi-\M,uj))) 
CPi{Z,uz) + ^^,] {W-\Z,ioz)) 
= Hl{Z,u;z). 

Therefore, for any i < (n — 1), we have the map f: H^j.{M, oo) — > Hl^^{Z, loz), which is just the 
restriction to the space of harmonic cohomology classes of the homomorphism f:H^{M) — > 
W{Z). Thus, f is injcctive for i < (n — 1). Finally, an inductive argument as above allows us 
to conclude that f is surjective for i < (ra — 1). 

To complete the proof, it remains to see that Hl^^{Z,uJz) and H^'^{M,uj) are isomorphic for 
every n <i < 2{n — 1). Let us consider the spaces A and B given by 

A = keTiLl-^^+^:Hl^-'-\M,uj) W+\M)), 

B = kev{Ll--+hHl^-^-\Z,uz) H\Z)), 

where n < i < 2n — 2. Next we sec that f induces an isomorphism between A and B. Given 
a G j4, we denote h = f{a) € Since 2n — i — 2 < n — 1, from the first part of 

the proof it follows that b G wz)- Moreover, since a U = if and only if 

f{a U = 6 U [(Jz]'"""^^ = 0, we have that b e B, that is, f{A) C B. Again, from 

the first part of the proof we conclude that the map f : A — > B is an isomorphism, because 
(2n - z - 2) < (n - 1). 
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Finally, as an immediate consequence of (3) we get 



for any n<i<{2n- 2), so h^iZ, ojz) = bfl2i^^ ^) any such i. \QEd\ 

From now on, by an iterated Donaldson symplectic submanifold {Zi,loi) of {M,lo) we shall 
mean a symplectic manifold obtained as 

{Zi,uJi) C {Zi_i,ui-i) C • • • C {Zi,LJi) C {Zq = M,wo = w), 

where {Zi,Li>i) is a Donaldson symplectic submanifold of Wi-i), for any 1 <i < I. 

Corollary 3.1 // {Zi,(jji) is an iterated Donaldson symplectic submanifold of {M'^'^,lj), then 
bl^_l{Zi,u;i)>b^U{M,u:) and 

bi{Zi) - bf'{Zi,u;i) = bi{M) - bf'{M,Lo) , fori<n-l-l, 

bi{Zi) - b}'^iZi,LOi) = bi+2i{M) - b}^2iiM, CO), fori>n-l + l. 

Proof : Applying I times Theorem 1.1 we have bY{Zi,ijOi) = 6j^^2/(-^) fo'^ i > n — I + 1. 
Since b2n-2i-i{Zi) = b2n-2i-i{M), the Poincare duality for Zi and M implies that bi{Zi) = 
6j_l-2/(-^)- This proves the corollary for any i > n — I + 1. For the remaining values of i, the 
result follows directly from Theorem 1.1. \QED\ 

Next we want to show that a result like Theorem 1.1 for the Auroux submanifolds does not 
hold in general. 

Suppose that (M, w) is a compact symplectic manifold of dimension 2n with [lu] € H'^{M) 
admitting a lift to an integral cohomology class, and let E be any hermitian vector bundle over 
M of rank r. Then, in [1] Auroux constructs symplectic submanifolds {Zr,0JZr) ^ (-^5'^) of 
dimension 2(n — r) whose Poincare duals are PD[Zr] = Cr{E®L®^) = fe^[a;]'" + fc^~^ci(£')[aj]^~^ + 
••• + Cr{E) for any integer number k large enough, where wc denote by c^jiE) the i*^ Clicrn 
class of the vector bundle E, and by L the complex line bundle over M with first Chern class 
ci(L) = [a;]. These submanifolds also satisfy a Lefschetz theorem on hyperplane sections, that 
is, the inclusion j: Zr ^ M induces f: iJ'(M) W{Zr) which is an isomorphism for i < [n — r) 
and a monomorphism for i = {n — r). 

The strongest result in the direction of Theorem 1.1 for the Auroux submanifolds follows 
from [8, Theorem 4.4]. There it is proved that, for an Auroux submanifold Z^. ^ M, for large 
enough k, and for each s < (n — r — 1), if M is s-Lefschetz then Zy. is also s-Lefschetz. In this 
situation, we have, thanks to Proposition 2.6, that H^^{M,ll>) = W{M) and H'l^^{Zr,uJZr) — 
H''(Zr), for i < s + 2. Therefore it follows that there is an isomorphism j* : H^^(M , cu) — >■ 
Hl^^{Zr, ioz^), for any i < min{s + 2,n — r — 1}, and a monomorphism in the case i = {n — r) < 
{s + 2). 

To disprove a result like Theorem 1.1 for Auroux submanifolds, we shall see examples of 
different behaviours in the simplest case, i.e., when M is not 1-Lefschetz. By the above. 
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H^^{M,uj) = Hl^^{Zj.,LOz^), for i = 1,2. So the first case to look at is the study of the rela- 
tion between 

Hl{M,u) and i7^,(Z„a;zJ. 

In general, to compare them, we are going to assume n — r > 3, so that there is an isomorphism 
/ : H^{M) H^{Zr). We need the following lemma. 

Lemma 3.2 Suppose that {Zr,u}Zr) ^ {M,lo) is an Auroux symplectic submanifold, andn—r > 
3. In the situation above, 

(i) bf{M,uj) = 63 (M) + dimker (^L^^y^ : H^{M) H^''-^(M)^ 

- dimker (^L"^'^ : H\M) H^''-\M)'^, 

(ii) bf{Zr,uJZr) = h{M) + dimker [l'^'^''^ U Cr{E ® L®^) : H^{M) i?2"-3(M)) 

- dimker U Cr{E (g) L®^) : H^{M) H'^''-^{M)^, 

where \JCr{E ® L®^) : H*{M) H*^^''{M) is interpreted as a map in cohomology. 
Proof : Let us start by computing H^{M,lo). By (5), 

where P3(M,a;) = {a G H'^{M) \ Lj^y^(a) = 0}. In the case i = 1, we have that HI^{M,uj) = 
H\M). Clearly 

P3(M,c.) nL[,] {H\M)) = (ker(L|;^yi : H\M) ^ H'^-\M))) . 

On the other hand, ^3(^,0;) = ker (ip^y^: H"'{M) H^"'-^{M)^ is dual, via Poincare duality, 
to coker (^Lp^y^: i7i(M) if2«-3(M)y Therefore 

bf{M,Lo) = dimcoker (^L|;_y2:ifi(M) ^ ii"2"-3(M)) 

+ dim L[^]{HHM)) - dimL[,] (kcr(L|;^yi : H\M) ^ H^^-\M))^ 
= bsiM) - 61 (M) + dimker (l'^J^^: H\M) H^'^-^iM)^ 

+61 (M) - dimker (^Lp^y^ : H\M) ii"2"-i(M)) 
= 63 (M) + dimker (^U^J^^ : H\M) H'^'"-^{M)^ 

-dimker ^L^^y^ : H^{M) H'^"-^{M)^ . 

This proves (i). Now we move on to compute H^^{Zr,u}Zr)- First, note that for z < n — r, if 
a e ii"2"-2'-i(M), we have that 

j*{a) = ^ aUcr{E^L®'') = 0. 

Certainly, j*(a) = is equivalent to 

= / j*{a)Uf{b)= [ aVJbV^Cr{E®L®^), 

JZr JM 
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for any b £ W{M) ^ H\Zr). We use that PD[Zr] = Cr{E ® L®^) for the second inequaUty. 
This is equivalent io a iJ Cr{E ® L®^) = 0. With the aid of this, and using (i), we have 



hf{Zr, uzr) = h{Zr) + dimker (i^p/j" ■ H\Zr) 



H 



2n-2r-3 



-dimker (l^-;-' : H^Z,) ^ H 



2n-2r-l/ 



(Zr)) 

b3{M) + dimker [l^J{~^ U Cr{E ® L®'^) : i/^M) ^ H^'^-^{M)) 
- dimker (i^"^^"^ U c^(S (g) L®'^) : H^{M) H^"-\M)^ . 



\qed\ 



Next we exhibit examples of compact symplectic manifolds {X, having Auroux subman- 
ifolds (Zr,^Zr) such that b^'^{Zj.,^Zr) / ti^si^^^)- To define X, first we consider the simply 
connected nilpotent Lie group G of dimension 6 consisting of all the matrices of the form 



/I y t+z 

1 X 

1 





Vo 



t 

2 

X 

2 



1 






u + 



y 



V 



2 



\ 





2.T 

1 





y 

X 

1 



y 



dx 



where x, y, z, t,u,v € M. With respect to this global system of coordinates, the forms 

ai = dx, a2 = dy, = dz, = dt — ydx, = du — tdx, = dv — {z + t)dy — + 

constitute a basis of left invariant 1-forms on G, and they satisfy 

da\ = da2 = da^ = 0, da4 = ai2, da^ = ai4, da^ = ais + a23 + ct2A, 

where we denote aij...k = aiAajA- ■ • Aa^. Because the structure constants are rational numbers, 
Mal'cev Theorem [19] implies the existence of a discrete subgroup F of G such that the quotient 
space M = T\G is compact. The cohomology of M is given by 



(1), 

(["i], [02], [as]), 

([aia], [0:23], [0:24], [q:i6 + "25 - "34], [0:26 - 0:45]), 

(["126], ["135], [«136 + "146], ["136 + "235], ["236 + "345], ["156 " "246 + "345]), 
(["2345], ["1236], ["2456], ["1456 + "2346], ["1356 + "1456]), 
(["23456], ["13456], ["12456]), 
(["123456])- 



Therefore M is a symplectic manifold with symplectic form u = aiQ + 0:25 — "34, and 
63 (M) = 6. It is simple to check that L^^j : i7^(M) H^{M) is the zero map. On the other 

hand, L[^] : H^{M) H^{M) has kernel of dimension 1 and generated by [ai]. This follows 
from a; A ai = ^(045 + 035), so [ai] is in the kernel, and [w A 02 A a^] 7^ 0, so [02], ["3] are not 
in the kernel. By Lemma 3.2, bf{M, a;) = 6 + 1- 3 = 4. 
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But M is of dimension 6, and we need a manifold of dimension 2n, where n — r > 3. We 
shall fix 2n = 8 + 2r and define the 2?7.-dimensional manifold 



X = M X CP^+^ 

Let Wo be the Fubini-Study symplectic form of CP''"^''^, so X is a sympletic manifold with sym- 
plectic form ^ = u + uq. Now 

H^{X) = H^{M), 

H^{X) = H^{M)(B{H^{M)^H'^{CF''+^)), 

H'^n-i^X) = il5(M)0il2'-+2(CP^+i). 

First we will compute 6|'"(X, Vl) by using Lemma 3.2. Clearly h^{X) = 6 + 3 = 9. The map 
L[U] = + so L^j^]^ : H\X) ^ H^'^-\X) = H\M) ® H^^-+\Cr+^) equals 

since Lj^j = for j > 1 and Lj^~j^~''' = for n — 1 — j > r+1, i.e., for j < 2. The map 
L^f^-j^ : H\X) ^ = (i75"(M) ® i^^'XCP'+i)) (i/3(M) H^''+\CF''+^)) equals 

So ker (^U^'^^ : ^ i?2«-3(x)) = ker (L[^] : //^(M) ^ //^^M)) = ([ai]). Lemma 3.2 

yields 

bf{X,n) = 9 + 1-3 = 7, 
for any value of r. With these preliminaries at hand, we are ready to start with our examples. 

Example 3.3 The compact symplectic manifold {X = M x CP^, O) has an Auroux submanifold 
Zi C {X,n) such that bf'{Zi,nz,) > bf{X,n). 

Proof : Let A = [a2Q — 045] G H'^{M). To define an Auroux submanifold Zi C {X,^) in 
the conditions required, we consider a rank 1 bundle E with first Chern class ci{E) = A ^ 
H'^{M) C H'^{X). Note that n = 5, r = 1 in this case. Hence the Auroux submanifold Zi (Z X 
has PD[Zi\ = k[^] + A. To apply the part (ii) of Lemma 3.2, we need to compute the map 
L\i]{kL^n] + La) ■ H^{X) H^{X) = H^{M) ® //^(CP^), where La is the map in cohomology 
given by cup product with the class A. This is 

L\i\{kL^n\ + La) = L\^^La = ^^^^LALf^^■^, 

since L^^^ = 0, by the above calculation. This map has kernel of dimension 1, generated by [ai], 
since = 0, but 

(6) [as] U [aa] U [w] U A 7^ 0. 
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The map Lf^^{kLp] + A) : H^X) H\X) = {H^{M) ® H^{CF^)) © {H^{M) i/^^CP^)) 
equals 

^fn]if^^n] + La) = ^^H-^f^^o] + ^M^^^M' 
The first component has kernel generated by [ai], by what we have seen above. The second 
component has the same kernel again, so dimker + La) ■ H^{X) H'^{X)^ = 1. 

Now Lemma 3.2 gives 

bf{Zi,nz,) = 9 + 1-1 = 9. 
Therefore, bf (Zi , Q^i ) > bf {X,n). \QEd\ 

Notice that in the example above, all the calculation hinges in (6). In fact, we have 

Example 3.4 The compact symplectic manifold {X = M x CP^, O) has an Auroux submanifold 
Z[ c {X,n) such that bf{Z[,nz'^) = bf{X,n). 

Proof : We take a class A G H^{M) such that [Q!2]U[Q;3]U[a)]U^ = 0; for instance, use A = [ais]. 
Then we obtain an Auroux submanifold {Z[,nz'^) of {X,n) with bf{Z[,nz'J = bf{X,n) = 7. 

\Qed\ 

Finally we give an example where the Auroux submanifold has less harmonic cohomology 
than the ambient submanifold. 

Example 3.5 There are Auroux submanifolds {Z^, ^Zs) C {Zi,Uzi) G {X = M x CP^, Jl) such 
that bfiZ3,nzs)<bf{Zunz,). 

Proof : Consider the manifold {X = M x CP'*, 17) of dimension 14 (now n = 7 and r = 3). 
Take again A = [a26 — 045] € H'^{M) and let be a rank 1 bundle with ciiE) = A. There is 
another bundle F such that £^ ® F is a trivial bundle. Actually, one may take F to have rank 
2 and Chern classes ci(F) = -A and C2{F) = . Let Z3 C (X = M x CP^,f^) be the Auroux 
submanifold (of codimension 6) associated to the (trivial) bundle E®F. Since the Chern classes 
of £^ © F are all zero, we have that 

b'i{Z.,,^z,) = h'i{X,n) = l, 

as in Example 3.4. 

Now let Z\ (Z {X = M X CP^,f2) be the Auroux submanifold associated to the bundle E. 
By Example 3.3, we have that 63'' (.Zi , fi^^ ) = 9. But, the construction in [1] is carried out in 
such a way that Zj, is also an Auroux submanifold of Z\ (of codimension 4) , and 

h'iiZ^Mz^) <b'i{Z^Mz,). 
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4 Symplectic blow-ups 



This section is devoted to the study of the s-Lefschetz property for the symplectic blow-up CP^ 
of the complex projective space CP"^ along a symplectic submanifold M ^ CP'^. 

Let (M, uj) be a compact symplectic manifold of dimension 2n. Without loss of generality 
we can assume that the symplectic form ui is integral (by perturbing it to make it rational and 
then rescaling), i.e., [a;] G H^{M;Z). A theorem of Gromov and Tischler [11, 24] states that 
there is a symplectic embedding i: {M,uj) — > {CP'^,ujq), with m > 2n+ 1, where ljq is the 
standard Kahlcr form on CP™ defined by its natural complex structure and the Fubini-Study 
metric. We take the symplectic blow-up CP™ of CP™ along the embedding i (see [21]). Then 
CP™ is a simply connected compact symplectic manifold. 

Recall that i*uJo = to. We will denote also by uq the pull back of ujq to CP™ under the 
natural projection CP™ — > CP"^. Let M be the projcctivization of the normal bundle of the 
embedding M ^ CP"'. Then tt: M — > M is & locallyjrivial^bundle with fiber CP"*-"-!. 
We will denote by v the Thom form of the submanifold M C CP^. The class [u] is called the 
Thorn class of the blow-up. Then CP™ has a symplectic form O whose cohomology class is 
[J7] = [ujq] + e [v] for e > small enough. 

Let us consider a closed tubular neighborhood W of M in CP™". By the tubular neighborhood 
theorem we know that the normal bundle of M ^ (jpm contains a disk subbundle which is 
diffeomorphic to W. Denote by p:W — > M the natural map. There is a map q : D,*{M) 
0*+^(CP™) given by pull-back by vr : M ^ M. followed by extending to a neighborhood of M 
using p : W M and then wedging by v, i.e., q{a) = p*n* (a) A v. We shall denote q{a) = aAv 
for short. Note that 

{a Au) A{P Av) = {a A (3 Au) Ai/ , 

for a, /3 G r2*(M). This makes notations of the type a A (3 Au'^ unambiguous. Also remark that 
[loo Av] = [lo Au] although oj^Av^uAuas forms. 

The cohomology of CP™ was studied by McDuff [21]. There she proved that there is a short 
exact sequence 

(7) — >i7*(CP™) — >H*{CP"') — >A* — >0, 

where A* is a free module over H*{M) generated by {[;/], [f"^], • • • , [i^™^"^"*^]}. 

Before going on to the study of the s-Lefschetz property for CP"\ we need to recall the 
splitting of the cohomology groups in terms of the primitive classes proved by Yan [26] for hard 
Lefschetz symplectic manifolds. His proof also works for s-Lefschetz symplectic manifolds. 

Lemma 4.1 Let (M,lo) be a compact symplectic manifold of dimension 2n satisfying the s- 
Lefschetz property for s < n — 1. Then, there is a splitting 

H^{M) = Pk{M) e L{H^-^(M)), 

where Pfe(M) is given by 

Pu{M) = {v eH^{M) I L"-'=+i(u) = 0}, 

for k < s. The elements in Pk{M) are called primitive cohomology classes of degree k. 

Proof : First, let us sec that Pfc(M)nImL = 0. Take x G Pfc(M) with x = L{y), y G H''-'^{M). 
Then L"~*^+^(y) = L"~'^+^(x) = 0. By the {k — 2)-Lefschetz property, y = and hence x = 0. 
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Now let us consider a G H^{M) with k < s, and take the element U^^^^^{a) G if^"~'^+^(M). 
If L^~^~^^{a) is the zero class, then a G Pfc(M) and the lemma is proved. If L"~^"'"^(a) is non-zero, 
then there exists h G H'^~'^{M) such that L"~'^+^(o) = L"~*^+^(6) since (M, w) is s-Lefschetz and 
so the map : H^-'^{M) — > H'^"-^+'^{M) is an isomorphism. Hence a - L{b) G Pk{M). 

But a = (a - + which lies in Pfe(M) © ImL. Iqed\ 

According Lemma 4.1 we can write 
(8) H\M) = Pk{M) © (Pfe-2(M) U M) © ■ ■ ■ © {Pk-2x{M) U [a;^]), 

with A = [|]. 

Theorem 4.2 For any s < n — 1, if {M,u) is s-Lefschetz then there exists eo > such that 
{CP^, Q = LJo + eu) is (s + 2)-Lefschetz, for any e G (0, cq] . In particular, for e G Q fl (0, eo], 
we have that [Og] a rational class (and hence a multiple of it is integral). 

Proof : Following the notation stated at the beginning of this Section, we must prove that the 
map [ujQ + eu]'^~'': H^{CP'^) — > }{'^™--k(^(jpm^ -g isomorphism for any k<s + 2<n + l. 

First, using (7) and (8), we notice that for k < s+2 the cohomology group H^{CP"^) is generated 
by the classes: 

k 

[a;o]2, if k is even, 

^ \pk-2i-2t A A v% where \pk-2i-2t] e Pk-2i-2t{M) , i > 0, t > and i + t < [|]. 

Suppose that k is even (the proof is similar when k is odd). We prove that the map [coq + 
€vY^~^ is injective by computing each one of the following cohomology classes in H'^'^{CP^): 
[wo + evY'-'' U [wo]^ U [wo]^ [a;o + euf-^ U \pk-2i-2t ^ i^l A u'] U [a;o]t for i + t < |, and 
[uo + evf^-^ U \pk-2i-2t A o;^ A u"-] U [qk-2j-2s A A z/-?] if z + t, j + s < |, where [qk-2j-2s] e 

Pk-2j-2s{M). 

J k k 

We begin by showing that the class [luq + ez/]"^~ U [a;o]2 U [ujq]^ is non-trivial. We have 



m—k , , \ m—k , , ^ 

[u;o + eH"'-'u[a;o]tu[a;o]^ = i; r ~ "je^iu^-^ Au'] = [uor + )el< 

r=0 V / r=l ^ ^ / 

In this sum, the terms [w™^'^ A f'^] are zero for l<r<m — n — 1 since M has dimension 2n 
and so Au] = Au] = 0. Then, 

[uo + eur-^ U [a;o] ^ U [a;o] ^ = K]"^ + ([J^ I ^^^o ^ """"""^ 

m—k 

(9) + E 

r=m— n- 

\m — ny 



m—k / , 

m — k 



which is a non-zero class (for e small enough). 
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Proceeding in a similar way, let i + 1 < ^, i > 0, t > 0, and \pk~2i-2t\ £ Pk-2i-2t{M). Then 



2' 

m—k 



[uJo + eur-^\j\pk_2i-2t^^o^A^[^o]^ = )e>fc-2i-2t A^"^'""^"'' Az/''+^] 



m — n — I 



m— n— 



+ 0(e 

using that for i < m — n — r, we have that \pk-2i-2t A 1/''+*] = 0, since deg(pfc_2i-2t A 

^t+m-f-r-) ^ 2n. Suppose that 

(11) x = a[a;o]t+ ^ \pk-2i-2t ^ ^ A ^ {CP^ 

i+t<|,i>0 

is an element such that [ujq-\- evY^~ \J x = 0. Then multiplying by [ujq]'^ and using (9) and (10), 
we get that a = 0. So 

(12) x= [pfe_2i-2t A 4 A z/^] . 

i+t<|,i>0 

Now we compute for z + f < | and j + s < | the following product 

(13) [wo + ez/]™-^ U [pfc-2j-2t A (J^ A z/*] U [gfe-2i-2s A A = 

= ( ^ ^ ."l e"'~^-'-i \pk-2i-2t A gfc-2j-2. A ^n-k+i+t+3+s ^ ^m-n^ + 

\m — n — I — J J 

Let us concentrate on the leading term. The duality on H'^{M) defines a duality on the space 
Pr{M) of the primitive cohomology classes: 

: Pr{M) (g) Pr{M) — > M 

given by 

pKHM)= I aA/?Aa;"-^ 

JM 

which is nondegenerate, but 

p^: Pr{M) Pr+2siM) R 



given by 



JM 



is zero if s 7^ 0, since [w]""*"^* maps Pr+2siM) to zero. Thus the matrix Ai-^-t,j+s associated to 
: Pk-2i-2t{M) (g) Pk-2j-2s{M) — > M is non-singular if i + t = j + s and zero if i + t j + s. 
Consider the spaces 

P,^-= Pk-2i-2t{M)[u;']y] 

i+t=/i,i>0 

and 

W= © P,, 



i</i<-| 
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so that H^{CP'^) = [u^ 



given by 



W. There is a biUnear map 
p\:W®W — ^ 1 



p\{\pk-2i-2t A A u'], [qk-2j-2s A o;^ A 



^^1) = L 



Pk-2i-2t A qk-2j-2s A CO 



,n-k+i+t+j+s ^ 



The matrix of Pilp^igiP^ is the block matrix whose block in the place with 1 < i,j < /J- 
is the matrix 

^ ^ ' _ ^m—n—i—j _ ^ 



i^m — n — I — jy 
Let d = dimPfe_2i_2t(M). The determinant of is 



(14) 



det(^^)^ 



det 



.m—n— I— J 



det(^^)^ 



m — k 
m — n — i — j 

m — k + fi — 1 
(m-n)(U-//(/<+l) — n — II — I 



m — k 
m — n — fi 



1 



m — n — 2 
m — n — /J, — 1 



m — n — n — 1 
m — n — n — 1 



m 



k > 



which is of the form • e"** where A^^ 7^ 0. Here we use that k<s + 2<n + l 
m — n — fi — 1 and /x<|<m — n^m — n — /x — 1>0. 

The determinant of the matrix of p{ is the product of det 5^ for 1 < < |, hence of the 
form A • e" where A 7^ 0. The matrix associated to the bilinear map p^'-W — > R given by 

pl{\pk-2i-2t^^^l^i^'], [qk-2j-2s^i^o^i^^]) = [a;o + ez/]"'~'=U[pfc_2i-2tAa;SAzy^]U[gfe_2j_2sAa;^Az/-''] 

has at each entry an e-perturbation of the corresponding entry of B^, by (13). Hence its 
determinant is A • e" + 0(e"+^) and it is nonzero for small e > 0. Therefore is a pairing and 
hence (12) is zero. So CP"* is (s + 2)-Lefschetz. 

To complete the proof, we must notice that in the conditions of Theorem 4.2, there exists 
eo > such that for any e G (0, eg] the manifold {CP , $7^ = 6<Jo + e^^) is (s + 2)-Lefschetz. In 
particular, if [uq] is an integral 2-cohomology class, then for rational e > 0, we have that [0^] is 
a rational class, hence a multiple of it is an integral class. \QED\ 

Remark 4.3 Cavalcanti [4, Theorem 4.. 2] has proved that if M is hard Lefschetz then CP^ 
is also hard Lefschetz. This also can he proved with the arguments of Theorem 4-2 with few 
modifications: 

We suppose M is hard-Lefschetz and must prove that CP^ is k-Lefschetz for any n+2 < k < 

m—1. In this case, the group H^{CP^) is generated by [ooq]^ (ifk is even) and [j)fc_2j-2tAa;oAz/*], 
\pk-2i-2t] £ Pk-2i-2t{M) , < i < m — n, k — n < t + 2i, t + i < [|]. The rest of the argument 
is unchanged except at two points: use that i < m — n in (10) to get that a = in (11); and use 
that 2iJL > k — n ^ m — k > m — n — fi — 1 to get that A^ 7^ in (14)- 

The following result shows that the converse of the previous theorem is also true if M is 
parallelizable. 
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Proposition 4.4 Let (M, cu) be a compact symplectic manifold of dimension 2n, such that M is 
parallelizable and {M,u}) is not s-Lefschetz for some s >1. Then CP^ is not {s + 2)-Lefschetz. 



Proof : Since M is parallelizable, its tangent bundle TM is trivial. Denote by N the normal 
bunble of M ^ CP"". Then the restriction to M of the tangent bundle of CP"' is TCP"'\m = 
TM e N. The total Chern class of N is given by c{N) = c{TCP"'\m) = (1 + so Ci{N) 

is a multiple of [w]*. 

Taking into account that [M, to) is not s-Lefschetz, we know that there is a non-trivial class 
[ps] G H''{M) such that G kcr(if*(M) x H%M) — > M). This means that for any other 
element [qs] G H^(M) we have that \ps A qg A (jo"~^] = in H*(M). In the cohomology ring 
H*{CP'^) we have the following equality 



\ps Av AQs aJq Au'^-'-^-'^] 



= < 



'0, if m — s — / < m — n, 

\ps AQs A Lo'^~^ A =0, iim — s — l = m — n, 

IPsAQsAlo^ A P{c{N)) A v^-^] =0, li m - s - I > m - n, 



since P{c{N)) is a polynomial in the Chern classes of N, and hence a multiple of [u;]" * \ 
because the Chern classes of N arc multiples of powers of [oj] . 

Therefore for any j + Z < j > 0, and [qs+2-2j-2i Aoj^A v^] G H^+'^(CP'^), we have 

[ojQ + evf'-^ U A z/] U [q,+2-2j-2J A 4 A u^] = 0. 

Also, in the case where s + 2 is even, we have 

[a;o + eu]""-'-^ U\psAu]\J [coq]'^ = 0. 

Thus IpsAv] e keT{H'+^(CP"') x H'+^iCP"") — ^ M), which proves that CP"* is not 
(s + 2)-Lefschetz. \Qed\ 



5 Examples of s-Lefschetz symplectic manifolds 

In this section, examples of compact symplectic manifolds which are s-Lefschetz but not (s + 1)- 
Lefschetz are constructed for s = 3 and for any even integer s > 2. 

First we show the existence of a simply connected compact symplectic manifold Mg, of 
high dimension, which is s-Lefschetz but not (s + 1)-Lefschetz, for each even integer value of 
s > 2. The idea for the construction of Mg is to follow an iterative procedure starting from an 
appropriate low dimensional compact symplectic manifold, take a symplectic embedding of it in 
a complex projective space CP"^ and then consider the symplectic blow-up of CP"* along the 
embedded submanifold in order to get a simply connected compact symplectic manifold which, 
according to Theorem 4.2, will be Lefschetz up to a strictly higher level. 

The starting point to construct Mg will be the Kodaira-Thurston manifold KT [15, 23]. We 
begin reviewing it. Consider the Heisenbcrg group H, that is, the connected nilpotent Lie group 
of dimension 3 consisting of matrices of the form 




where x, y, z G M. A global system of coordinates (x, y, z) for H is given by x{a) = x, y{a) = y, 
z{a) = z, and a standard calculation shows that {dx, dy, dz—xdy} is a basis for the left invariant 
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1-forms on H. Let F be the discrete subgroup of H consisting of matrices whose entries x, y and 
z are integer numbers. So the quotient space r\H is compact, and the forms dx, dy, dz — xdy 
descend to 1-forms a, /?, 7 on V\H such that a and (3 are closed, and ^7 = —a A (3. 

The Kodaira Thurston manifold KT is the product KT = T\H x 5^ (see [15, 23]). Now, if 
T] is the standard invariant 1-form on S^, then {a,(3,j,r]} constitutes a (global) basis for the 
1-forms on KT. Since 

da = dp = dr] = 0, dj = —a A (3, 
using Nomizu's theorem [22] we compute the real cohomology of KT: 

H\KT) = (1), 

H^KT) = ([«],[/?], [7?]), 

H\KT) = ([aA7],[/3A7],[«Ar/],[/3Ar/]), 

H^{KT) = ([a A7Ar/],[/3 A7Ar?],[a A/3A7]), 

H*{KT) = ([a A/3 A7 Ary]). 

Therefore, KT is a symplectic manifold with the symplectic form = a A 7 + /3 A ry. It is 
clear that {KT,cu) is not 1-Lefschetz, which follows directly from its cohomology or from the 
general result of Benson and Gordon [2]. Moreover, H^^{KT,u)) = H^{KT) for any /c 7^ 3, but 
l}f{KT,uj) = 2 < 3 = bs{KT). It is easy to see that the same holds for any other symplectic 
form on KT. 

Denote Mq = KT. By Gromov-Tischler theorem [11, 24] there exists a symplectic embed- 
ding of {KT,io) in the complex projective space CP^°, with mo = 5, endowed with its standard 
Kahler form. Let us denote by (M2 = CP'^°,9.2) the blow-up of CP"^" along Mq. By The- 
orem 4.2 we can consider Q2 an integral form. We may again embed symplectically {M2,^2) 
into CP™2 ^ith m2 = 11 and blow-up CP'"^ along M2 to obtain (M4 = CF"^'',n4). So in this 
fashion we get a simply connected compact symplectic manifold (Ms,0,s) for any even integer 
s > 2 obtained as the symplectic blow-up CP^'-'^ of CP'^"-'^ along {Ms-2-, symplectically 
embedded into CP™''-^, where ms-2 = 2ms_4 -|- 1. Notice that the dimension of the manifold 
Ms+2 is equal to 2ms, where 

ms = Q ■ 1' - I, 

for s = 2r > 0. 



Proposition 5.1 For any even integer ,s > 2, the simply connected compact symplectic manifold 
Ms = CP"^"-^ is s-Lefschetz but not (s + l)-Lefschetz. 

Proof : Since Mq = KT is 0-Lefschetz (any symplectic manifold is), we can apply Theorem 4.2 
r times, with 2r = s, to conclude that the manifold Mg is s-Lefschetz. To show that Mg is not 
(s + 1)-Lefschetz we note the following fact. Consider (M, w) a compact symplectic manifold 
and embed symplectically M ^ CP"^ with m > 2n + 1, where 2n is the dimension of M. As 
usual we write CP"* for the symplectic blow-up of CP"* along M. By (7), the Betti number 
bi{CP^) is given by 

6i(CP"*) = 6i-2(M) + 6i_4(M) + . . . + 6i(M) 

if i > 1 is odd. Therefore, 63(7^2) = bi{KT) = 3. For M4, we have 61(^/4) = b^iM^) = and 
65(^/4) = 3. In general, for any manifold Mg the odd Betti numbers 62^-1 (-^s) vanish for j < r, 
and bs+i{Ms) = bi{KT) = 3. This proves that Mg is not (s + 1)-Lefschetz using Proposition 2.7. 

\QEd\ 
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In the following result we decrease as much as possible the dimension of the examples con- 
structed in Proposition 5.1 by using iterated Donaldson symplectic submanifolds. 

Proposition 5.2 Let s > 2 be an even integer, and let Ms be the simply connected compact 
symplectic manifold constructed in Proposition 5.1. Then, there is a symplectic submanifold 
Wg ^ Mg of dimension 2(s+2) which is s-Lefschetz but not (s+1) -Lefschetz, and every de Rham 
cohomology class in W{Ws) admits a symplectically harmonic representative for any i ^ s + S. 

Proof : According to Theorem 4.2, we can assume that the symplectic form fi^ of Ms is an 
integral form and {Ms,^s) is s-Lefschetz. Therefore, we can consider an iterated Donaldson 
symplectic submanifold Zi ^ M, of codimension 21, i.e. dim Zi = 2{ms-2 — I)- In particular, if 
s = 2r then we take Is = rns~2 — s — 2 = 6 • 2''"^ — 2r — 3, and denote by Ws the corresponding 
simply connected compact symplectic manifold Zi^ of dimension 2(s + 2). 

Since 6-2^ — 2r — 3 = 2ms-2 — s — l, Poincare duality implies that hQ.2-r-2r~^{Ms) = 6^+1 (M^), 
which equals h\{KT) = 3 as shown in the proof of Proposition 5.1. 

Notice that 6 • 2'' - 2r - 3 = s + 3 + 2^^. Therefore, bs+z{Ws) = bs+3+2h (Ms) = 3. Moreover, 
Corollary 3.1 implies that bi{Ws) - b}'{Ws) = for i > (s + 3), and 6,+3(W,) - bf_^s{Ws) = 
bs+3+2is{Ms) — &s^3_|_2i,(Afs) = 1 (mod 2), by Proposition 2.7. Prom Proposition 2.6 we con- 
clude that Ws is s-Lefschetz but not (s -|- 1)-Lefschetz. 

\Qed\ 

Remark 5.3 If we begin with any symplectic A-manifold N whose first Betti number is bi{N) = 
1 (see [10] j, then we obtain a symplectic manifold Wg satisfying the conditions of Proposition 5.2, 
but with 6^+3(VFi) = 0. 

Corollary 5.4 Let n and s be integer numbers such that s >2 is even, and n > s+2. Then there 
exists a simply connected compact symplectic manifold of dimension 2n which is s-Lefschetz but 
not {s + 1)-Lefschetz. 

It is worthy to remark that Proposition 5.2 and Corollary 5.4 also hold in the non-simply 
connected setting. For any even integer s > 2, it suffices to take the product of the symplectic 
manifold Ws constructed in Proposition 5.2 by a 2-dimensional torus T^, and then consider a 
Donaldson symplectic submanifold to reduce the dimension. 

One can also address the problem of constructing examples of symplectic manifolds Mg which 
are s-Lcfschctz and not (s + 1)-Lefschetz for odd integer numbers s > 1. We do the cases s = 1 
and s = 3. Consider the connected completely solvable Lie group G of dimension 6 consisting 
of matrices of the form 
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where t, x, yi, € M (i = 1, 2). A global system of coordinates {t, x, yi,y2, z\,Z2) for G is defined 
by t(a) = t, x{a) = x, yi(a) = y^, Zi{a) = Zi, and a standard calculation shows that a basis for 
the left invariant 1-forms on G consists of 

{dt, dx, e~^dy\ — xe~^dz\, e^dy2 — xe*dz2, e~*dzi, e^dz2}- 
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Let r be a discrete subgroup of G such that the quotient space M = T\G is compact. (Such 
a subgroup exists, see [7].) Hence the forms dt, dx, e~^dyi — xe~^dzi, e^dy2 — xe^dzi, e~^dzi, 
e*dz2 descend to 1-forms a, /3, 71, 72, Si, 62 on M satisfying 

da = dp = 0, d'ji = —a A'fi — P Adi, ^72 = a A 72 — /? A (^2 , d6i = —aA6i, d62 = a A 82, 

and such that {a, 71, 72, (5i, (^2} is a global basis for the 1-forms on M. Using Hattori's 
theorem [13] we compute the real cohomology of M: 



H^{M) = 


(1), 


H^{M) = 


([«],[/?]), 


H'^{M) = 


{[a A P], [Si A 62], [71 A (^2 + 72 A 5i]), 


H^{M) = 


{[a A <5i A ^2], [/3 A 71 A 72], [P A (71 A (52 + 72 A <5i)], [a A (71 A ^2 + 72 A 61)]), 


H\M) = 


([a A /? A 71 A 72], [a A /? A 71 A 62]. [71 A 72 A 5i A 62]), 


H\M) = 


{[a A 71 A 72 A (^1 A 82], [/3 A 71 A 72 A 5i A 62]), 


H^{M) = 


([a A /3 A 71 A 72 A 5i A 62]). 



Consider the symplectic form u; on M given hy lu = aA/3+7i A<52+72 A^i. Then [a;] U [(5i A52] = 
in H^{M), which means that M is not 2-Lefschetz. But a simple computation shows that the 
cup product by [o;]^ is an isomorphism between H^{M) and H^{M). Therefore, (M, u;) is 1- 
Lefschetz, but not 2-Lefschetz. Moreover, b\^{M,uj) = h{M) for k 4, and bf{M,uj) = 2 < 
3 = 64(Af) (compare with Corollary 2.5). The same holds for any symplectic form on M [14]. 
Therefore, (M, w) is 1-Lefschetz, but not 2-Lefschetz. 

Now we deal with the case s = 3. Consider a symplectic embedding of (Mi,$7i) = (M, w) in 
the complex projective space CP"*^, with mi = 7, endowed with its standard symplectic form. 
We define (M3 = CP^^ns) as the symplectic blow-up of CP"^i along Mi. 

Proposition 5.5 The simply connected compact symplectic manifold (M^jQ^) is 3-Lefschetz 
but not 4-Lefschetz. Moreover, there is a symplectic submanifold W3 ^ M3 of dimension 10 
which is 3-Lefschetz but not 4-Lefschetz, and every de Rham cohomology class in H'^{Ws) admits 
a symplectically harmonic representative for any i ^ 6. 

Proof : Since (M, w) is 1-Lefschetz but not 2-Lefschetz, Theorem 4.2 and Proposition 4.4 
imply that M3 = CP^ is 3-Lefschetz and not 4-Lefschetz. As in the proof of Proposition 5.2, 
an iterated Donaldson submanifold Zi, I = 2, of M3 provides an example W3 in dimension 10 
which is 3-Lefschetz and not 4-Lefschetz. \QED\ 

Note also that there exists simply connected compact symplectic manifolds of dimension 6 
which are 1-Lefschetz but not 2-Lefschetz [10, Theorem 7.1]. 
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